We have experimentally investigated the behavior of extraordinary rays (E rays) in uniaxial crystals for two cases: that in which optical axes are parallel to the surfaces and that in which they are inclined. The E ray always rotates around the ordinary ray (O ray) in the same direction that the crystal rotates around its surface normal. For the case when the axes are parallel to the surface, we discovered that the E ray rotates up to a = 27r as the crystal rotates to 4 = 7r. The E ray traces a series of ellipses as the angle of incidence is varied. Snell's law is valid for the E ray only when the optical axes are perpendicular to the plane of incidence. For the case in which the optical axes are incident, the E ray and the crystal rotate at different speeds except for the case of normal incidence. The speed of rotation increases with the incidence angle. The ray traces a curve known as the Pascal worm, which is described by the equation (X 2 + Z 2 -mx) 2 = n 2 (x 2 + z 2 ). When the optical axes coincide with the plane of incidence, the space between the rays in the plane is not related to the angle of incidence.
Introduction
Double refraction is an important and basic phenomenon in crystal optics. The fact that the ordinary (0) ray of double refraction obeys Snell's law is well known. However, the behavior of the extraordinary (E) ray, to the best of our knowledge, is not thoroughly understood. 1 In Ref. 1 it was deduced that each double refraction obeys the same law of refraction. Determination of the direction of propagation of the E ray is more complicated because the index of the ray depends on the refractive angle. However, traces of the E ray in uniaxial crystals have been calculated by some authors. 7 In recent years there have been numerous applications of double refraction in the area of laser and nonlinear optics. For example, birefringent filters acting as effective dispersion elements have been applied widely in some tunable lasers. Frequency doublers are the key to expanding the laser wavelength, and other crystal devices are important for the generation of nonlinear optical effects. To achieve the best design of these optical elements, one must know the behavior of the E ray.
Here we report on an experimental investigation of the behavior of the E ray, including rotating direction and speed, traces, and some features about the traces. We used two pieces of calcite: one with the optical axis parallel to the surface (APS) and the other with the axis incident to the surface (AIS). Interesting results were observed and are discussed.
Experiments and Results
The experimental setup is simple. The APS of the calcite cuboid and the AIS of the calcite [which has natural cleavage; the axis makes an angle y = 45.93°( Ref. 7) with the three planes intersecting at the vertex A or A' (see Fig. 1 )] are illuminated by the beam of a He-Ne (633-nm) laser through a telescope system. The crystal thicknesses are 8.5 and 21.2 mm, respectively. They are mounted so that they rotate both horizontally and vertically. In fact the crystals were not processed precisely, and there is a wedge (of 30) formed by the surfaces of each one.
In these experiments one must be sure that the observer is not confused by the refraction at the rear surface of the crystal. The rear surface is wedged with respect to the front surface, although possibly by only a small amount. For this reason we observed the beam spots on the rear surface directly.
Taking incidence angles of 0 = 0, r/6, Tr/4, r/3, 57r/12 and twisting the APS crystal from the angle = 0 (the optical axes are in the incident plane) to r in steps of Tr/16 and from + = 0 to 2,rr in steps of rr/8 for the AIS crystal, we took pictures of the E and the o rays at the rear surface with a camera aimed at the spots. The spaces between the spots of the two rays in the negatives were measured with a reading microscope. The spaces are fractions of a millimeter, and the measuring error is + 0.01 mm, so that the relative precision is better than 10%. The experimental error is estimated to be less than 10%. For the APS calcite, the E ray always rotates to the angle a = 2 around the 0 ray, no matter what the angle of incidence is, whereas the crystal is rotated to 4 = r around its normal. This result agrees with the theoretical calculation in Ref. 7 . The ray rotates in the same direction as the crystal but not at the same speed. At large angles of incidence, a equals approximately 8)/5 within the first quadrant in the coordinate system where the origin is at the 0 ray, and the positive X axis coincides with the optical axis in the plane of incidence; a = 24 in the second and the fourth quadrants, and a = 8)/3 in the third as in the first quadrant. The traces of the ray are a series of ellipses where the axes coincide with the coordinate axes. The centers of the ellipses are at the X axis but not at the 0 ray (see Fig. 2 ), which makes us believe that these ellipses are not geometrically formed by the oblique arrangement of the crystal. Also, we believe that the circular trace for the case of normal incidence is due to the unparallel surfaces. The larger the angle of incidence becomes, the flatter the ellipses become. The axes of the ellipses, a and b, are listed in Table 1 .
In the AIS case, if the crystal is rotated to 4 = 27r, the E ray rotates to a = 2 in contrast to the APS case. In Fig. 3 we find that the rotating speed of the ray is not in step with the crystal. At incidences larger than r/4, since the optical axis is close to making an acute angle y to the X axis in the plane of incidence, the ray stays close to the plane even though the axis might be rotated far from the plane. On the Fig. 2 . Traces of the E ray on the rear surface of the calcite APS at a different incidence. The 0 ray acts as the origin of the coordinates, the X" axis is parallel to the X axis. Curves I-V are the traces for 0 = 0, 5r/12, -r/3, 'r/4, 'r/6, respectively. The symbols on the curves denote the rotation of the crystal in steps of + = ir/16: , curve V; A, curve IV; 7, curve III; +, curve II.
other hand, in the vicinity of the obtuse angle Tr-y, the ray runs much faster than the axis. At a small incidence, less than Tr/6, the ray generally keeps in step with the axis and is exactly in step with the axis only at normal incidence. For each at = r/2, the average 4) and a/+k are listed in Table 2 .
The E-ray traces in Fig. 3 , where the constants m and n for each worm are listed in Table 2 . The traces look as if they are slightly asymmetrical to the coordinate axes, which might be attributed to the crystal surfaces not being exactly parallel. It is interesting to note that all the distances between the coordinates of the traces on the X and Y axes are the same as 4.55 mm. The coordinates of the traces on the Y axis are symmetrical to the origin, however; on the X axis they do not increase the incidence. It looks as if the circular trace at normal incidence is thrown in the positive X-axis direction, whereas the spaces on the coordinate axes remain fixed.
Geometry
The fixed coordinate system XYZ is set so that the behavior of the E rays can be observed, and the Now we discuss some issues concerning the traces of the E ray in the AIS calcite. First we consider the case of 4 = 0, or the optical axis in the XY plane.
The experiments tell us that the ray is in the plane, namely, z = 0. Then the expression about the plane tangent to the E-ray wave surface through point T(xl, Yi, zj) (Fig. 1) , which we obtain by substituting the coordinates of T into Eq. (1) Here n, ne are the principal indices of refraction of the 0 and the E rays, respectively.
Considering Eqs. (3) and (4), we have
(+ is the axis at the acute angle to the positive X axis, -is the axis at the obtuse angle), where
In the light of x 1 andy the refractive angles between the ray on both sides of the 0 ray and the Y axis (the normal of the crystal) are
respectively, and the spaces A between the coordinates, Ee and Ee', of the traces on the X" axis that are parallel to the X axis (see Fig. 3 ) are a 0 , incidence; +, rotation of the crystal; a, rotation of the E-ray around the 0 ray; m and n, constants in the Pascal equation; r and r', refractive angles between the E-ray incident upon the X" axis (see Fig. 3 ) and the normal.
So far, we have been able to understand, in the light of Eq. (7), why the spaces are constant as the angle of incidence varies. It turns out that A is not related to the angle of incidence but only to the angle y. So we infer that the same y would cause the same A, no matter what the angle of incidence is.
If 0 = 0 (normal incidence), in addition, in the light of Eqs. (5) and (6) In our situation re' = 6.1860 by calculation and 6.125°b y experiment. This is a good agreement. In Table  2 r' and r are listed for different angles of incidence.
To discuss the traces of the E ray in the APS crystal, we simply make y = 0 in Eq. (1 Apparently Eq. (9) is inconsistent with Snell's law because ne(0) depends on the incidence. However, for4) =r/2, sin 0/sin(re') = n, Equation (10) is just the familiar Snell's law. So we can deduce that for Snell's law to be valid for the E ray the optical axes must be perpendicular to the plane of incidence.
Conclusions
We have studied the behavior of the E ray in a uniaxial crystal (calcite). The ray always rotates around the 0 ray as the crystal is rotated around its normal. The ray does not rotate in step with the optical axes except at normal incidence. For the APS crystal (1) the ray always rotates to the angle a. = 27r as the crystal is rotated to the angle 4) = rr, (2) the traces of the ray are a series of ellipses, (3) Snell's law is valid for the ray only in the condition in which the optical axes are perpendicular to the plane of incidence. For the AIS case: (1) At the larger angles of incidence, the ray stays close to the plane, although the axis may move far away from the plane. As the axis rotates 180° to the plane, the ray moves faster than the axis. Conversely, at small incidence, the ray rotates approximately in step with the axis and exactly with the axis only at normal incidence. (2) The traces of the ray are perfectly consistent with the Pascal worm described by the equation ( 2 + z 2 -mX) 2 = n 2 (x 2 + z 2 ). (3) When the axes are in the incident plane, the spaces between the E and the 0 rays in the plane do not change while the incidence is varied.
